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CUSPIDAL EDGES WITH THE SAME FIRST FUNDAMENTAL
FORMS ALONG A COMMON CLOSED SPACE CURVE
A. HONDA, K. NAOKAWA, K. SAJI, M. UMEHARA, AND K. YAMADA
Abstract. Along an embedded space curve C, local existence of four distinct
cuspidal edges with the same first fundamental forms was shown in the authors’
previous work. Here, if C is closed, we show the existence of infinitely many
cuspidal edges with the same first fundamental forms.
1. Results
For the purpose of starting our results, let us first introduce some terminology.
By ‘Cr-differentiable’ we mean C∞-differentiability if r =∞ and real analyticity if
r = ω. We denote by S1 := R/lZ the 1-dimensional torus of length l(> 0) and by
R
3 the Euclidean 3-space. We fix a closed Cr-embedded curve γ : S1 → R3 with
positive curvature function, and denote by C the image of γ. Let Fr(C) be the set
of Cr-cuspidal edge germs along C, that is
Fr(C) :=
{
f : S1 × (−ε, ε)→ R3 ;
f(t, 0) is a cuspidal edge along C
for each t ∈ S1
}
.
We let n(t) (resp. b(t)) be the unit principal normal (resp. bi-normal) vector of
γ(t). For each f ∈ Fr(C), there exists a unique parametrization (t, v) of f (called
Fukui’s formula, cf. [2] and [3]) such that for sufficiently small ε(> 0)
(1.1)
f(t, v) := γ(t) + (v2, v3β(t, v))
(
cos θ(t) − sin θ(t)
sin θ(t) cos θ(t)
)(
n(t)
b(t)
)
(t ∈ S1, |v| < ε),
where
• t is an arc-length parameter of γ,
• β(t, v) is a Cr-function, and
• for each t ∈ S1, the map (−ε, ε) ∋ v 7→ (v2, v3β(t, v)) ∈ R2 is a cusp at
v = 0 with the normalized half-arc-length parameter (see [3, Appendix A]
and also [5]). In particular β(t, 0) 6= 0 for each t ∈ S1.
We call this expression the normal form of f . Here, the angle θ(t) in (1.1) is called
the cuspidal angle at γ(t). We denote by κ(t) the curvature function of γ(t). In
this situation, the singular curvature κs(t) and the limiting normal curvature κν(t)
(cf. [4]) along the singular set of f ∈ Fr(C) are given by (cf. [3])
(1.2) κs(t) = κ(t) cos θ(t), κν(t) = κ(t) sin θ(t).
Here, we prepare a lemma:
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Lemma 1.1. Let f, g ∈ Fr(C) be two cuspidal edges along C. Suppose that the
image of f coincides with that of g and f(t, 0) = g(t, 0) holds for t ∈ S1. Then f
coincides with g as map germs along C in the normal form.
Proof. Since the two surfaces share the same image as map germs, their cuspidal
angle functions and sectional cusps must coincide, so we get the assertion. 
Figure 1. Cuspidal edges along closed space curves γ2 (left) and
γ3 (right)
Imitating the definition of ‘isomer’ as a local map germ given in [3], we give the
following:
Definition 1.2. A cuspidal edge g ∈ Fr(C) is called a C-isomer of f ∈ Fr(C) if
• there exist ε > 0 and a Cr-diffeomorphism ϕ on Uε(S
1) := S1 × (−ε, ε)
such that the pull-back of the first fundamental form of g by ϕ coincides
with that of f on Uε(S
1) and,
• the image of f does not coincide with that of g.
For f ∈ Fr(C), the singular curvature function κs : S
1 → R is defined along
its singular set. By (1.2), κs(t) ≤ κ(t) holds, and κs(t) depends only on the first
fundamental form of f (cf. (2.1)). We then consider the condition
(1.3) max
t∈S1
|κs(t)| < min
t∈S1
|κ(t)|,
and define the subclass
Fr∗ (C) := {f ∈ F
r(C) ; f satisfies (1.3)}
of Fr(C). For example, two cuspidal edges belonging to Fr∗ (C) in Figure 1 are
obtained from (1.1) by substituting β(t, v) = 1 and cos θ = 1/4 if m = 2 and
cos θ = 1/2 if m = 3 along the curve
(1.4) γm(t) :=
(
(2 + cosmt) cos t, (2 + cosmt) sin t, sinmt
)
(t ∈ R/2piZ)
with a rotational symmetry of 2pi/m-radians. As shown in the authors’ work [3],
each f ∈ Fω∗ (C) has three locally distinct C-isomers at each neighborhood of a
point on C. It should be remarked that cuspidal edges with constant Gaussian
curvature satisfies κν = 0. In particular, such surfaces do not belong to F
r
∗ (C) (see
[1] for such a case).
Definition 1.3. We say that C has a non-trivial symmetry if there exists an isom-
etry T of the Euclidean space R3 such that T (C) = C and there is a point P ∈ C
such that T (P ) 6= P . On the other hand, a Cr-function µ : S1(= R/lZ) → R is
said to have a symmetry if there exists a constant c ∈ [0, l) such that µ(t) = µ(t+c)
(c 6= 0) holds for t ∈ R or µ(t) = µ(c− t) holds for t ∈ R.
If C has a non-trivial symmetry, then κ(t) also admits a symmetry. The main
result is as follows:
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Theorem 1.4. Let C be the image of a closed Cω-curve embedded in R3 and f a
cuspidal edge belonging to Fω∗ (C). Then there are four continuous 1-parameter fam-
ilies of real analytic cuspidal edges {f ib}b∈S1 (i = 1, 2, 3, 4) satisfying the following
properties:
(a) f = f10 or f = f
2
0 , and all of f
i
b (b ∈ S
1) for i = 1, 2, 3, 4 have the same
first fundamental form as f .
(b) If g ∈ Fω∗ (C) is a C-isomer of f , then g coincides with a cuspidal edge
belonging to one of these four families as a map germ.
(c) Suppose that the singular curvature function κs of f is non-constant and C
is not a circle. Then for each choice of f ic (i ∈ {1, 2, 3, 4}, c ∈ [0, l)),
Λic := {(j, a) ∈ {1, 2, 3, 4} × S
1 ; f ja is congruent to f
i
c}
is a finite set. In particular, there are mutually non-congruent uncountably
many C-isomers of f .
(d) Suppose that C does not lying in a plane and has no symmetry. If the
singular curvature function κs is non-constant, then the set Λ
i
b is a one-
point-set for each (i, b) ∈ {1, 2, 3, 4}× S1.
To construct f ic along the closed curve C, the real analyticity of f is required,
since we need to apply the Cauchy-Kovalevsky theorem inductively. It should
be remarked that condition (1.3) is also needed to apply the Cauchy-Kovalevsky
theorem.
Example 1.5. There exists a cuspidal edge f satisfying condition (c) as follows: We
can take a closed convex C∞-regular curve C, which has no non-trivial symmetry
and is lying in the 2-plane R2 := {(x, y, 0) ; x, y ∈ R} in R3. Considering the
approximation of C by Fourier series, by Lemma A.1 in the appendix, we may
assume that C is real analytic. Let pi : S2 \ {(0, 0, 1)} → R2 be the stereographic
projection. We let γ(t) (0 ≤ t ≤ l) be the arc-length parametrization of C and set
γ˜s(t) :=
pi−1(s γ(t)) + (0, 0, 1)
s
,
which is a real analytic 1-parameter deformation of γ˜0 := γ for s ∈ R. We denote
by C˜s the image of γ˜s(t). Then C˜0 = C. Since the length L(s) of C˜s depends real
analytically by s, it is a real analytic function of s. So we set γs(t) := γ˜s(t)/L(s),
and then γ0 = γ and t can be taken as an arc-length parameter t of γs(t) of period
l for each s. Since C has no symmetric plane curve, its curvature function also has
no symmetry. Since the curvature functions κs(t) of γs(t) are l-periodic, κs(t) has
no symmetry for sufficiently small s (cf. Lemma A.1). In particular, the image
of γs also has no symmetry. Using Fukui’s formula (cf. (1.1)), we can construct
a Cω-cuspidal edge f with constant cuspidal angle with β(t, v) = 1. If C has no
symmetry, then neither does its singular curvature. So f satisfies (c) of Theorem
1.4.
2. Proof of Theorem 1.4
A positive semi-definite Cω-metric ds2 = Edt2 + 2Fdtdv + Gdv2 defined on
Uε(S
1) is called a periodic Kossowski metric if it satisfies the following:
(i) Ev(t, 0) = 2Ft(t, 0) and Gt(t, 0) = Gv(t, 0) = 0,
(ii) there exists a Cω-function λ defined on Uε(S
1) satisfying EG − F 2 = λ2,
λ(t, 0) = 0 and λv(t, 0) 6= 0 for each t ∈ S
1.
Under the assumption that λv(t, 0) > 0, the singular curvature κs of ds
2 is defined
by (cf. [3, Remark 3.5])
(2.1) κs(t) :=
−Fv(t, 0)Et(t, 0) + 2E(t, 0)Ftv(t, 0)− E(t, 0)Evv(t, 0)
2E3/2(t, 0)λv(t, 0)
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for each t ∈ S1. If ds2 is the first fundamental form of f ∈ Fω(C), it is a periodic
Kossowski metric (cf. [3, Lemma 2.9]), and the singular curvature of f has the
above expression.
Lemma 2.1. Let ds2 be a periodic Kossowski metric on Uε(S
1) satisfying (i), (ii)
and (1.3). We also let C be a closed Cω-curve embedded in R3. Then, for each
parametrization γ(t) of C, there exists a unique cuspidal edge f+ ∈ F
ω
∗ (C) (resp.
f− ∈ F
ω
∗ (C)) satisfying;
(1) f+(t, 0) = γ(t) (resp. f+(t, 0) = γ(t)) for each t ∈ S
1,
(2) the first fundamental forms of f+ (resp. f−) is ds
2, and
(3) the function
√
κ2 − κ2s (resp. −
√
κ2 − κ2s) is the limiting normal curvature
of f+ (resp. f−).
Proof. We can find a partition 0 = t0 < t1 < · · · < tn = l of S
1 = R/lZ such that
there exist local coordinate systems (Ui;xi, yi) (i = 1, . . . , n) of Uε(S
1) containing
[ti−1, ti]×{0}, where the metric has the expression ds
2 = Ei(dxi)
2+Gi(dyi)
2 on Ui.
For each i = 1, 2, . . . , n, we can apply [3, Theorem 12], and obtain two maps g±,i :
Ui → R
3 satisfying (2) and (3) such that g±,i(t, 0) = γ(t) for t ∈ (ti−1 − δ, ti + δ).
Since conditions (2) and (3) do not depend on coordinates, the uniqueness of such
two maps yields that g±,i = g±,i−1 holds on a neighborhood of (ti− δ, ti+ δ)×{0}.
Finally, we get g±,n = g±,1 on Un ∩ U1. In fact, if not, we have g±,n = g∓,1 and
the cuspidal angle function θ(t) takes different sign at t = 0 and t = l. Then by the
continuity of θ(t), it has a zero, a contradiction. So the desired two cuspidal edges
are obtained. 
Lemma 2.2. Suppose f, g ∈ Fr(C) are written in the normal form. If they have
the same image as a map germ, then there exist c ∈ [0, l) and σ ∈ {1,−1} such that
g(t, v) = f(σt+ c, v).
Proof. Since the singular set images of f and g coincide with C, there exist a
constant c and σ ∈ {1,−1} such that g(t, 0) = f(σt + c, 0). Then the conclusion
follows by Lemma 1.1. 
Proof of Theorem 1.4. We may assume f(t, v) is expressed in a normal form. Let
ds2 be the first fundamental form of f . By Lemma 2.1, for each b ∈ [0, l), there
exist four C-isomers f ib of f (i = 1, 2, 3, 4) such that
• f ib(t, 0) = γ(t + b) (t ∈ S
1) holds for i = 1, 2, and f ib(t, 0) = γ(−t + b)
(t ∈ S1) holds for i = 3, 4,
• the absolute value of the limiting normal curvature of f ib is equal to√
κ(σ′it+ b)
2 − κs(t)2,
where σ′i = 1 if i = 1, 2 and σ
′
i = −1 if i = 3, 4, and
• the sign of the limiting normal curvature of f ib is +1 if i = 1, 3 and −1 if
i = 2, 4.
By Lemma 1.1, (a) is obvious. We prove (b): If g is a C-isomer of f , then there
exist b ∈ [0, l) and σ ∈ {1,−1} such that g(t, 0) = f(σt + b, 0) for t ∈ S1. By
Lemma 2.1, g coincides with f ib for some i ∈ {1, 2, 3, 4} as a map germ.
We next prove (c): Fix f0 := f
i
b (i ∈ {1, 2, 3, 4}) and b ∈ [0, l). We let fn = f
jn
bn
(n = 1, 2, ...) be mutually distinct C-isomers of f which are congruent to f0, where
jn ∈ {1, 2, 3, 4} and bn ∈ [0, l). Since the possibilities of jn are at most four, we
may set j := jn. In particular {bn} consists of distinct elements.
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By Lemma 2.2, there exist an isometry Tn of R
3, cn ∈ [0, l) and σn ∈ {1,−1}
such that fn(t, v) = Tn ◦ f0(σnt + cn, v) holds. Since the possibilities of σn are
only two for each n, we may set σ = σn for all n. Since fn (n ≥ 1) has the same
first fundamental form as f0, we have κs(t) = κs(σt+ cn). If {cn} contains infinite
elements, then by real analyticity, the singular curvature function κs(t) is constant,
a contradiction.
So we may assume cn does not depend on n, and we set c := cn. Then we have
fn(t, v) = Tn ◦ T
−1
1 ◦ f1(t, v) (n ≥ 2).
Substituting v = 0, the fact fn = f
j
bn
yields that γ(σ′t + bn) is congruent to
γ(σ′t+ b1), where σ
′ = 1 if j = 1, 2 and σ′ = −1 if j = 3, 4. In particular,
κ(σ′t+ bn) = κ(σ
′t+ b1), σ
′′
nτ(σ
′t+ bn) = τ(σ
′t+ b1)
hold, where σ′′n ∈ {1,−1} and τ(t) is the torsion function of γ(t). Substituting
t = 0, we have
κ(bn) = κ(b1), σ
′′
nτ(bn) = τ(b1).
Since the sequence {bn} consists of distinct elements, this accumulates to a value
b∞ ∈ [0, l). Since κ(t) and τ(t) are real analytic functions, they must be constant.
Since C is a closed curve, it must be a circle lying in a plane, a contradiction.
Finally, we show (d): Suppose f1 = f
j
b1
is a cuspidal edge which is congruent to
f0(= f
i
b), where j ∈ {1, 2, 3, 4} and b1 ∈ [0, 1). Like as in the case of (b), there exist
an isometry T of R3, c ∈ [0, l) and σ ∈ {1,−1} such that f1(t, v) = T ◦f0(σt+c, v).
Since C has no symmetry, T is the identity map and (σ, c) must be (1, 0). So
f1(t, 0) = f0(t, 0). By Lemma 1.1, f1 coincides with f0. Hence Λ
i
b is a one-point-
set. 
Appendix A. A property of non-symmetric functions
We prove the following assertion:
Lemma A.1. Let {µs(t)}s∈[0,l) be a continuous one-parameter family of C
∞-
functions on R satisfying µs(t + l) = µs(t) for each s. If µ0 has no symmetry
(cf. Definition 1.3), then µs also has no symmetry for sufficiently small s(> 0).
Proof. If the assertion fails, then there exists a monotone decreasing sequence {sn}
converging to 0 such that µ˜n := µsn has a certain symmetry, that is, there exist a
constant cn ∈ [0, l) and a sign σn ∈ {1,−1} such that
(A.1) µ˜n(σnt+ cn) = µ˜n(t).
Since σn = ±1, by replacing {sn} by some subsequence if necessary, we may assume
that σ := σn does not depend on n. Since R/Z is compact, replacing {sn} by some
subsequence if necessary, we may assume that cn converges to c0. Then taking the
limit n → ∞, we have µ0(σt + c0) = µ0(t). Since µ0 is non-symmetric, we have
σ = 1 and c0 ∈ {0, 1}. Then, we may assume that c0 = 0 without loss of generality.
If cn is an irrational number, then (A.1) yields that µn is a constant function. Since
µ0 has no symmetry, we may assume that cn is a rational number for sufficiently
large n, and can write cn := qn/pn, where pn and qn are relatively prime integers.
Then there is a pair (a, b) of integers such that apn + bqn = 1 and
(A.2) µn(t) = µn(t+ bcn) = µn
(
t+
1− apn
pn
)
= µn
(
t+
1
pn
)
.
Fix an irrational number x0 ∈ (0, 1), and then there exists an integer rn so that
xn := rn/pn (n = 1, 2, 3, ...) converges to x0. Since µn(t) = µn(t + xn) by (A.2),
taking the limit n→∞, we have µ0(t) = µ0(t+ x0), contradicting the assumption
that µ0(t) has no symmetry. 
6 A. HONDA, K. NAOKAWA, K. SAJI, M. UMEHARA, AND K. YAMADA
References
[1] D. Brander, Spherical surfaces, Experimental Mathematics 25 (2016), 257–272.
[2] T. Fukui, Local differential geometry of cuspidal edge and swallowtail, preprint, 2017
(www.rimath.saitama-u.ac.jp/lab.jp/Fukui/preprint/CE ST.pdf).
[3] A. Honda, K. Naokawa, K. Saji, M. Umehara, and K. Yamada, Duality on general-
ized cuspidal edges preserving singular set images and first fundamental forms, preprint
(arXiv:1906.02556).
[4] K. Saji, M. Umehara, and K. Yamada, The geometry of fronts, Ann. of Math. 169 (2009),
491–529.
[5] S. Shiba and M. Umehara, The behavior of curvature functions at cusps and inflection points,
Differential Geom. Appl. 30 (2012), no. 3, 285–299.
(Atsufumi Honda) Department of Applied Mathematics, Faculty of Engineering, Yoko-
hama National University, 79-5 Tokiwadai, Hodogaya, Yokohama 240-8501, Japan
E-mail address: honda-atsufumi-kp@ynu.jp
(Kosuke Naokawa) Department of Computer Science, Faculty of Applied Information
Science, Hiroshima Institute of Technology, 2-1-1 Miyake, Saeki, Hiroshima, 731-5193,
Japan
E-mail address: k.naokawa.ec@cc.it-hiroshima.ac.jp
(Kentaro Saji) Department of Mathematics, Faculty of Science, Kobe University,
Rokko, Kobe 657-8501, Japan
E-mail address: saji@math.kobe-u.ac.jp
(Masaaki Umehara) Department of Mathematical and Computing Sciences, Tokyo In-
stitute of Technology, Tokyo 152-8552, Japan
E-mail address: umehara@is.titech.ac.jp
(Kotaro Yamada) Department of Mathematics, Tokyo Institute of Technology, Tokyo
152-8551, Japan
E-mail address: kotaro@math.titech.ac.jp
